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Abstract. Let G be a subgroup of Sn, the symmetric group of degree n. For
any field k, G acts naturally on the rational function field k(x1, x2, . . . , xn) via k-
automorphisms defined by σ · xi = xσ(i) for any σ ∈ G, any 1 ≤ i ≤ n. Theorem.
If n ≤ 5, then the fixed field k(x1, . . . , xn)G is purely transcendental over k. We
will show that C(x1, . . . , x7)
G is also purely transcendental over C if G is any
transitive subgroups of S7 other than A7; a similar result is valid for solvable
transitive subgroups of S11.
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§1. Introduction
Let k be a field. A finitely generated field extension L of k is called k-rational if
L is purely transcendental over k; it is called stably k-rational if L(x1, x2, . . . , xm) is
k-rational where x1, . . . , xm are elements which are algebraically independent over L.
LetG be a subgroup of Sn where Sn is the symmetric group of degree n. For any field
k, G acts naturally on the rational function field k(x1, . . . , xn) via k-automorphisms
defined by σ · xi = xσ(i) for any σ ∈ G, any 1 ≤ i ≤ n. Noether’s problem asks
whether the fixed field k(x1, . . . , xn)
G := {f ∈ k(x1, . . . , xn) : σ(f) = f for all σ ∈ G}
is k-rational (resp. stably k-rational) [No]. If G is embedded in SN through the left
regular representation (where N = |G|), it is easy to see that k(x1, . . . , xN)G is k-
isomorphic to k(Vreg)
G where ρ : G→ GL(Vreg) is the regular representation of G, i.e.
Vreg =
⊕
g∈G k · eg is a k-vector space and h · eg = ehg for any h, g ∈ G. We will write
k(G) = k(Vreg)
G in the sequel. The rationality problem of k(G) is also called Noether’s
problem, e.g. in the paper of Lenstra [Le].
Noether’s problem is related to the inverse Galois problem, to the existence of
generic G-Galois extensions, and to the existence of versal G-torsors over k-rational
field extensions. For a survey of this problem, see [GMS; Sa; Sw].
We will recall some previous results for the rationality problem of k(x1, . . . , xn)
G
where G is a subgroup of Sn and σ · xi = xσ(i) for any σ ∈ G, any 1 ≤ i ≤ n. If G1
is another subgroup of Sn which is conjugate to G within Sn, it is easy to see that
k(x1, . . . , xn)
G is k-rational if and only if so is k(x1, . . . , xn)
G1 over k. Thus it suffices
to consider only one group G in each conjugacy class of subgroups of Sn. The case
when n ≤ 3 is easy; the answer is affirmative.
When n = 4 and G = A4 the alternating group, the rationality problem of
C(x1, x2, x3, x4)
A4 was studied by W. Burnside [Bu]. For an intriguing account of
this situation, see the article [CHK]. When n = 4 and k = C, the problem was solved
completely by J. A. Tyrrell and C. M. Williams [TW].
Theorem 1.1 (Tyrrell and Williams [TW]) Let G be any subgroup of S4. Then
C(x1, x2, x3, x4)
G is C-rational.
A result related to Theorem 1.1 was solved by Kitayama, Yamasaki [KY], Kang
and Zhou [KZ].
Theorem 1.2 ([KY; KZ]) Let G be a finite subgroup of GL4(Q). Let G act on
Q(x1, x2, x3, x4) by Q-automorphisms defined by σ · xj =
∑
1≤i≤4 aijxi where σ =
(aij)1≤i,j≤4 ∈ G ⊂ GL4(Q). Then Q(x1, x2, x3, x4)G is Q-rational if and only if G
is not conjugate to the image of a faithful representation of C8 or C3 ⋊C8 in GL4(Q).
When k is any field and σ = (aij)1≤i,j≤4 ∈ GL4(k), a necessary and sufficient
condition for k(x1, x2, x3, x4)
〈σ〉 to be k-rational was given in [Ka].
We will prove the following result.
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Theorem 1.3 Let k be any field, G be a subgroup of Sn. Let G act on the rational
function field k(x1, . . . , xn) via k-automorphisms defined by σ ·xi = xσ(i) for any σ ∈ G,
any 1 ≤ i ≤ n. If n = 4 or 5, then k(x1, . . . , xn)G is k-rational.
In the case when p = 7 or 11, two related results are obtained.
Theorem 1.4 Let k be any field, G be a transitive subgroup of S7. Let G act on the
rational function field k(x1, . . . , x7) via k-automorphisms defined by σ · xi = xσ(i) for
any σ ∈ G, any 1 ≤ i ≤ 7. If G is not isomorphic to the group PSL2(F7) or the group
A7, then k(x1, . . . , x7)
G is k-rational.
Moreover, when G is isomorphic to PSL2(F7) and k is a field satisfying that
char k = 0 and
√−7 ∈ k, then k(x1, . . . , x7)G is also k-rational.
Theorem 1.5 Let k be any field, G be a transitive solvable subgroup of S11. Let G act
on the rational function field k(x1, . . . , x11) via k-automorphisms defined by σ·xi = xσ(i)
for any σ ∈ G, any 1 ≤ i ≤ 11. Then k(x1, . . . , x11)G is k-rational.
We will emphasize that we choose to prove k(x1, . . . , xn)
G is k-rational for any field
k in Theorem 1.3, Theorem 1.4 and Theorem 1.5. The corresponding results when
k = Q or the situation that k(G) is k-rational are special cases or consequences of
the above three theorems. In the literature, some authors dealt with only the case
char k = 0. We will find that the proof of Theorem 1.3 when char k = 5 or 2 requires
extra efforts also; see Theorem 3.2 and the proof of Case 5 in Section 3.
We remark that, when n ≥ 6, it is still unknown whether k(x1, · · · , xn)An is k-
rational or not; the answer is unknown even when k = C.
One may consider monomial representations in the above Theorem 1.3, instead of
permutation representations. We point out that a necessary and sufficient condition
for k(x1, x2, x3, x4)
〈σ〉 to be k-rational where σ : x1 → x2 → x3 → x4 → −x1 is
given in [Ka, Theorem 1.8]. In particular, Q(x1, x2, x3, x4)
〈σ〉 is not stably Q-rational.
The situation for monomial representations of dimension 4 follows easily from previous
results of Yamasaki [Ya] and Hoshi-Kitayama-Yamasaki [HKY] on the 3-dimensional
monomial actions if char k 6= 2. However, the case when char k = 2 requires further
investigation. In order to solve the rationality problem for monomial representations
of dimension 5, it is conceivable that many challenging questions will arise.
The proof of Theorem 1.3 will be given in Section 3 (see Theorem 3.3 and Theorem
3.4). The proof of Theorem 1.4 and Theorem 1.5 is given in Section 4. Theorem 4.1
is of interest itself. The rationality problem of fixed fields by subgroups of S6 will be
discussed in a separate article.
Standing terminology. Throughout the paper, we will denote by Sn, An, Cn, Dn the
symmetric group of degree n, the alternating group of degree n, the cyclic group of
order n, and the dihedral group of order 2n respectively. If k is any field, k(x1, . . . , xn)
denotes the rational function field of n variables over k. When ρ : G → GL(V ) is
a representation of G over a field k, then k(V ) denotes the rational function field
k(x1, . . . , xn) with the induced action of G where {x1, . . . , xn} is a basis of the dual
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space V ∗ of V . In particular, when V = Vreg is the regular representation space,
denote by {x(g) : g ∈ G} a dual basis of Vreg; then k(Vreg) = k(x(g) : g ∈ G) where
h · x(g) = x(hg) for any h, g ∈ G. We will write k(G) := k(Vreg)G.
§2. Preliminaries
In this section we recall some known results which will be applied to solve the
rationality problem in Theorem 1.3.
Theorem 2.1 Let G be a finite group acting on L(x1, . . . , xm), the rational function
field of m variables over a field L. Assume that (i) for any σ ∈ G, σ(L) ⊂ L, and (ii)
the restriction of the action of G to L is faithful.
(1) ([HK3, Theorem 1]) Assume furthermore that, for any σ ∈ G,


σ(x1)
σ(x2)
...
σ(xm)

 = A(σ) ·


x1
x2
...
xm

 +B(σ)
where A(σ) ∈ GLm(L) and B(σ) is an m × 1 matrix over L. Then there exist
z1, . . . , zm ∈ L(x1, . . . , xm) so that L(x1, . . . , xm) = L(z1, . . . , zm) with σ(zi) = zi for
any σ ∈ G, any 1 ≤ i ≤ m.
In fact, there are (aij)1≤i,j≤n ∈ GLn(L) and cj ∈ L such that, for 1 ≤ j ≤ n,
zj =
∑
1≤i≤n aijxi + cj. Moreover, if B(σ) = 0 for all σ ∈ G, then we may choose zj
simply by zj =
∑
1≤i≤n aijxi.
(2) ([HK3, Theorem 1′]) Assume furthermore that, for any σ ∈ G,


σ(x1)
σ(x2)
...
σ(xm)

 = A(σ)


x1
x2
...
xm


where A(σ) ∈ GLm(L) and G acts on L(x1/xm, x2/xm, . . . , xm−1/xm) naturally. Then
there exist z1, . . . , zm ∈ L(x1, . . . , xm) so that L(x1/xm, . . . , xm−1/xm) = L(z1/zm, z2/zm,
. . . , zm−1/zm) and σ(zi/zm) = zi/zm for any σ ∈ G, any 1 ≤ i ≤ m− 1.
Theorem 2.2 ([AHK, Theorem 3.1]) Let L be a field, L(x) be the rational function
field of one variable over L and G be a finite group acting on L(x). Suppose that, for
any σ ∈ G, σ(L) ⊂ L and σ(x) = aσx+bσ where aσ, bσ ∈ L and aσ 6= 0. Then L(x)G =
LG(f) for some polynomial f ∈ L[x]. In fact, if m = min{deg g(x) : g(x) ∈ L[x]G\L},
any polynomial f ∈ L[x]G with deg f = m satisfies the property L(x)G = LG(f).
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Theorem 2.3 ([HK2, Lemma 2.7]) Let k be any field, a, b ∈ k\{0} and σ : k(x1, x2)→
k(x1, x2) be a k-automorphism defined by σ(x1) = a/x1, σ(x2) = b/x2. Then k(x1, x2)
〈σ〉
= k(u, v) where
u =
x1 − ax1
x1x2 − abx1x2
, v =
x2 − bx2
x1x2 − abx1x2
.
Definition 2.4 Let σ be a k-automorphism on the rational function field k(x1, . . . , xn).
σ is called a purely monomial automorphism if σ(xj) =
∏
1≤i≤n x
aij
i for 1 ≤ j ≤ n where
(aij)1≤i,j≤n ∈ GLn(Z). The action of a finite group G acting on k(x1, . . . , xn) is called a
purely monomial action if, for all σ ∈ G, σ acts on k(x1, . . . , xn) by a purely monomial
k-automorphism [HK1].
Theorem 2.5 ([HK1; HK2; HR]) Let k be any field, G be a finite group acting on the
rational function field k(x1, x2, x3) by purely monomial k-automorphisms. Then the
fixed field k(x1, x2, x3)
G is k-rational.
Theorem 2.6 (Maeda [Ma]) Let k be any field, A5 be the alternating group of de-
gree 5 acting on k(x1, . . . , x5). Let A5 act on k(x1, . . . , x5) via k-automorphisms de-
fined by σ · xi = xσ(i) for any σ ∈ A5, any 1 ≤ i ≤ 5. Then both the fixed fields
k(x1/x5, x2/x5, x3/x5, x4/x5)
A5 and k(x1, x2, x3, x4, x5)
A5 are k-rational.
Theorem 2.7 (Kemper [Ke]) Let k be any field satisfying that chark = 0 and
√−7 ∈
k, G be the group PSL2(F7). Then there is a faithful representation G→ GL(V ) such
that dimkV = 3 and k(V )
G is k-rational.
Recall the definition of k(G) at the end of Section 1. The following theorem is a
special case of Noether’s problem, which was investigated by many people [Sw]. For a
proof, see [Le, Corollary 7.3].
Theorem 2.8 Let k be any field. If n ≤ 46 and 8 ∤ n, then k(Cn) is k-rational.
§3. Subgroups of S5
Definition 3.1 Let p be a prime number, G := (Z/pZ)⋊ (Z/pZ)×. We will present G
as a permutation subgroup of Sp as follows. Let a¯ ∈ Z/pZ be a primitive root modulo
p, i.e. (Z/pZ)× = 〈a¯〉. Define σ : xi 7→ xi+1, τ : xi 7→ xai where 0 ≤ i ≤ p − 1 and
the indices of xi are taken modulo p. By identifying σ and τ as elements of Z/pZ and
(Z/pZ)×, it is clear that G = 〈σ, τ〉 with relations σp = τ p−1 = 1 and τστ−1 = σa.
Thus G ⊂ Sp.
For any positive integer d with d | p−1, write p−1 = de. Denote by Gpd the group
Gpd = 〈σ, τ e〉 ⊂ G.
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It is known that a transitive solvable subgroup of Sp is conjugate to a subgroup of
Gp(p−1) [Co, p.117, Proposition 11.6; DM, p.91, Exercise 3.5.1]. For the classification
of transitive non-solvable subgroups of Sp, see [DM, p. 99]. As a consequence of the
classification of finite simple groups, the groups Sn, An and the Mathieu groups are the
only 4-transitive permutation groups [DM, p. 34].
Theorem 3.2 Let k be a field with char k = p > 0, k(xi : 0 ≤ i ≤ p − 1) be the
rational function field of p variables. Let Gpd = 〈σ, τ e〉 be the group in Definition 3.1
where p − 1 = de. Let Gpd act on k(xi : 0 ≤ i ≤ p − 1) via k-automorphisms defined
by σ : xi 7→ xi+1, τ e : xi 7→ xaei where a¯ ∈ Z/pZ is a primitive root modulo p and the
indices of xi are taken modulo p. Then k(xi : 0 ≤ i ≤ p− 1)Gpd is k-rational.
Proof. Write G = Gpd.
By Theorem 2.2, k(xi : 0 ≤ i ≤ p − 1)G = k(xi/x0 : 1 ≤ i ≤ p − 1)G(t) for some
element t with λ(t) = t for all λ ∈ G.
On the other hand, note that a¯ ∈ Z/pZ ≃ Fp ⊂ k. Consider the action of G on the
rational function field k(y1, y2) defined by
σ : y1 7→ y1 + y2, y2 7→ y2,
τ : y1 7→ a¯−ey1, y2 7→ y2.
Define u = y1/y2 ∈ k(y1, y2). Then σ(u) = u+ 1, τ(u) = a¯−eu.
Clearly G acts faithfully on k(y1, y2) and k(u).
Since G acts faithfully on k(xi/x0 : 1 ≤ i ≤ p − 1), we may apply Part (2) of
Theorem 2.1. It follows that k(xi/x0, u : 1 ≤ i ≤ p − 1) = k(xi/x0, s : 1 ≤ i ≤ p − 1)
for some element s with λ(s) = s for all λ ∈ G.
Hence k(xi : 0 ≤ i ≤ p − 1)G = k(xi/x0 : 1 ≤ i ≤ p − 1)G(t) ≃ k(xi/x0 : 1 ≤ i ≤
p− 1)G(s) = k(xi/x0, u : 1 ≤ i ≤ p− 1)G.
Since G acts faithfully on k(u), apply Part (2) of Theorem 2.1 to k(xi/x0, u : 1 ≤
i ≤ p−1) with L = k(u). We get k(xi/x0, u : 1 ≤ i ≤ p−1)G = k(u)G(vi : 1 ≤ i ≤ p−1)
where λ(vi) = vi for all 1 ≤ i ≤ p− 1, for all λ ∈ G.
Note that k(u)G is k-rational by Lu¨roth’s Theorem. It follows that k(xi : 0 ≤ i ≤
p− 1)G is k-rational. 
Remark. By applying Theorems 1.1 of [KP], it is possible to prove the stable ratio-
nality of k(xi : 0 ≤ i ≤ p−1)Gpd in the above theorem; but it is seems difficult to prove
the rationality of it, without the device of the above theorem.
On the other hand, the stable rationality of Q(xi : 0 ≤ i ≤ p − 1)Gpd will be
discussed in a separate article. When p = 5, see Theorem 3.4; when p = 7, see the
next section.
The following result is a generalization of Theorem 1.1.
Theorem 3.3 Let k be any field. Let G be a subgroup of Sn acting on the rational
function field k(x1, . . . , xn) by σ · xi = xσ(i) for any σ ∈ G, any 1 ≤ i ≤ n. If n ≤ 4,
then k(x1, . . . , xn)
G is k-rational.
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Proof. The case n = 2 or 3 is easy. For example, when G = 〈(1 2 3)〉 ⊂ S3, the
rationality of k(x1, x2, x3)
G can be shown by applying Theorem 2.8.
From now on we consider the case n = 4. By Theorem 2.2, k(x1, x2, x3, x4)
G =
k(x1/x4, x2/x4, x3/x4)
G(t) for some t with σ(t) = t for all σ ∈ G. Since G acts on
k(x1/x4, x2/x4, x3/x4)
G by purely monomial k-automorphisms, it follows that k(x1/x4,
x2/x4, x3/x4)
G is k-rational by Theorem 2.5. 
Theorem 3.4 Let k be any field, G be any subgroup of S5. If G acts on the rational
function field k(x1, x2, x3, x4, x5) by σ · xi = xσ(i) for any σ ∈ G, any 1 ≤ i ≤ 5, then
k(x1, x2, x3, x4, x5)
G is k-rational.
Proof. First of all note that, if G is not a transitive subgroup of S5, then the
question is reduced to Theorem 3.3. For example, suppose that there are two G-orbits,
{x1, x2, x3} and {x4, x5}. Let G1 be the restriction of G to k(x1, x2, x3) (i.e. G1 is the
image of G in Autk k(x1, x2, x3)), and G2 be the restriction of G to k(x4, x5). Then
G2 = {1} or S2. If 2 | |G1|, then G1 acts faithfully on k(x1, x2, x3) and k(x1, . . . , x5)G =
k(x1, x2, x3)
G(t1, t2) for some t1, t2 with λ(t1) = t1, λ(t2) = t2 for all λ ∈ G by applying
Part (1) of Theorem 2.1. If 2 ∤ |G1|, i.e. |G1| = 3, then G ≃ G1 × G2. When
|G1| = 3 and |G2| = 2, then G = 〈σ〉 where σ = (1, 2, 3)(4, 5). Hence k(x1, . . . , x5)G =
{k(x1, x2, . . . , x5)〈σ3〉}〈σ〉 = k(x1, x2, x3)(x4+x5, x4x5)〈σ〉 = k(x1, x2, x3)〈σ〉(x4+x5, x4x5).
Hence the result.
From now on, we will assume that G is a transitive subgroup of S5.
As mentioned before, it suffices to show that k(x1, . . . , x5)
G is k-rational where G
is a transitive subgroup of S5 in each conjugacy class of subgroups in S5.
There are only 5 such conjugacy classes. We choose a representative in each class.
We get
S5, A5, G20, D5, C5
where C5 is the cyclic group of order 5, G20 is a group of order 20 and is exactly the
group Gp(p−1) in Definition 3.1 with p = 5. Note that the dihedral group D5 is the
group G5·2 in Definition 3.1.
Case 1. G = S5.
The rationality of k(x1, . . . , x5)
S5 is easy.
Case 2. G = A5.
The rationality of k(x1, . . . , x5)
A5 follows from Theorem 2.6.
Case 3. G = C5.
The rationality of k(x1, . . . , x5)
C5 follows from Theorem 2.8.
Case 4. G = G20.
If char k = 5, the rationality of k(x1, . . . , x5)
G follows from Theorem 3.2.
From now on, we may assume char k 6= 5. We want to show that k(xi : 0 ≤ i ≤ 4)G
is k-rational where G = G20.
Recall that G = 〈σ, τ〉 where σ : xi 7→ xi+1, τ : xi 7→ x2i for 0 ≤ i ≤ 4.
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Write ζ = ζ5 where ζ5 is a primitive 5th-root of unity. pi = Gal(k(ζ)/k) = 〈λ〉.
Then pi ≃ C4, C2 or {1}.
Case 4.1. pi = {1}, i.e. ζ ∈ k.
For 0 ≤ i ≤ 4, define
(3.1) yi =
∑
0≤j≤4
ζ−ijxj .
Then σ(yi) = ζ
iyi, τ(yi) = y3i for 0 ≤ i ≤ 4.
It follows that k(xi : 0 ≤ i ≤ 4)〈σ〉 = k(yi : 0 ≤ i ≤ 4)〈σ〉 = k(zi : 0 ≤ i ≤ 4) where
z0 = y0, z1 = y
5
1, zi = yi/y
i
1 for 2 ≤ i ≤ 4.
Note that
τ : z0 7→ z0, z1 7→ z31z53 , z2 7→ 1/(z1z23), z3 7→ z4/(z1z33), z4 7→ z2/(z21z43).
Define u1 = z2/z3, ui = τ
i−1(u1) for 2 ≤ i ≤ 4. Then we get
τ : u1 7→ u2 7→ u3 7→ u4 7→ u1,
because u2 = z3/z4, u3 = z1z3z4/z2, u4 = z1z2z4.
Since k(zi : 1 ≤ i ≤ 4) = k(ui : 1 ≤ i ≤ 4), it follows that k(xi : 0 ≤ i ≤ 4)G =
k(zi : 0 ≤ i ≤ 4)〈τ〉 = k(ui : 1 ≤ i ≤ 4)〈τ〉(z0) is k-rational by Theorem 2.8.
Case 4.2. pi ≃ C4. We may assume that pi = 〈λ〉 with λ(ζ) = ζ2.
Extend the action of G on k(xi : 0 ≤ i ≤ 4) to the action of 〈G, λ〉 on k(ζ)(xi :
0 ≤ i ≤ 4) by requiring σ(ζ) = τ(ζ) = ζ and λ(xi) = xi for 0 ≤ i ≤ 4. It follows that
k(xi : 0 ≤ i ≤ 4)G = {k(ζ)(xi : 0 ≤ i ≤ 4)〈λ〉}G = k(ζ)(xi : 0 ≤ i ≤ 4)〈σ,τ,λ〉.
Define yi by the same formula as (3.1). Then we have
σ : ζ 7→ ζ, yi 7→ ζ iyi,
τ : ζ 7→ ζ, yi 7→ y3i,
λ : ζ 7→ ζ2, yi 7→ y2i.
Note that τλ(yi) = yi for 0 ≤ i ≤ 4.
Define zi (0 ≤ i ≤ 4) by the same way as in Case 4.1. Then we get k(ζ)(xi : 0 ≤
i ≤ 4)〈σ〉 = k(ζ)(zi : 0 ≤ i ≤ 4).
Since τλ(zi) = zi, we find that k(ζ)(zi : 0 ≤ i ≤ 4)〈τ,λ〉 = k(ζ)(zi : 0 ≤ i ≤ 4)〈τλ,τ〉 =
k(zi : 0 ≤ i ≤ 4)〈τ〉.
Define ui (1 ≤ i ≤ 4) by the same way as in Case 4.1. Then k(zi : 0 ≤ i ≤ 4)〈τ〉 is
k-rational. Thus k(ζ)(xi : 0 ≤ i ≤ 4)〈σ,τ,λ〉 is k-rational.
Case 4.3. pi ≃ C2. We find that pi = 〈λ〉 with λ(ζ) = ζ−1.
The proof is similar to Case 4.2 except that λ(yi) = y4i for 0 ≤ i ≤ 4. In this
situation, τ 2λ(yi) = yi for 0 ≤ i ≤ 4. The details are omitted.
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Case 5. G = D5.
The proof is similar to Case 4. By Theorem 3.2 again, it remains to consider the
case char k 6= 5.
Write ζ = ζ5. Recall the automorphisms σ and τ in Case 4. It follows that G =
D5 = 〈σ, τ 2〉.
Using the same change of variables as in Case 4, we find that
τ 2 : u1 ↔ u3, u2 ↔ u4.
In case ζ ∈ k, k(ui : 1 ≤ i ≤ 4)〈τ〉 = k(u1, u3)〈τ〉(t1, t2) with τ(t1) = t1, τ(t2) = t2
by applying Part (1) of Theorem 2.1. Hence k(ui : 1 ≤ i ≤ 4)〈τ〉 is k-rational.
The case pi = Gal(k(ζ)/k) ≃ C2 is similar to Case 4.2.
Finally consider the case pi = Gal(k(ζ)/k) = 〈λ〉 where λ(ζ) = ζ2.
In this case, τ 2λ2(yi) = yi for 0 ≤ i ≤ 4.
It remains to solve the rationality of k(ζ)(ui : 1 ≤ i ≤ 4)〈τ2,λ〉 where
τ 2 : ζ 7→ ζ, u1 ↔ u3, u2 ↔ u4,
λ : ζ 7→ ζ2, u1 7→ u4 7→ u3 7→ u2 7→ u1.
Case 5.1. char k = 2.
Define v1 = u2/u4, v2 = u1/u3, v3 = u1 + u3, v4 = u2 + u4.
Then we find that k(ui : 1 ≤ i ≤ 4) = k(vi : 1 ≤ i ≤ 4) and
τ 2 : ζ 7→ ζ, v1 7→ 1/v1, v2 7→ 1/v2, v3 7→ v3, v4 7→ v4,
λ : ζ 7→ ζ2, v1 7→ v2 7→ 1/v1, v3 ↔ v4.
Define
w1 =
v1 − 1v1
v1v2 − 1v1v2
, w2 =
v2 − 1v2
v1v2 − 1v1v2
.
By Theorem 2.3, k(ζ)(vi : 1 ≤ i ≤ 4)〈τ2〉 = k(ζ)(w1, w2, v3, v4).
The action of λ on w1, w2 is given by
λ : w1 7→
v2 − 1v2
v2
v1
− v1
v2
, w2 7→
1
v1
− v1
v2
v1
− v1
v2
, w1/w2 7→ −w2/w1.
Using computer computation, it is easy to verify that
1
v1
− v1
v2
v1
− v1
v2
=
w1
w21 − w22
.
Define w3 = w2/(w1 + w2), w4 = w1 + w2. We find that k(w1, w2) = k(w3, w4) and
λ : ζ 7→ ζ2, w3 7→ w3 + 1, w4 7→ 1/w4, v3 ↔ v4.
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Define w5 = 1/(1 + w4). Then λ(w5) = w5 + 1.
Apply Part (1) of Theorem 2.1 to k(ζ)(w3, w4, v3, v4) with L = k(ζ). We get
k(ζ)(w3, w5, v3, v4)
〈λ〉 = k(ζ)〈λ〉(t1, t2, t3, t4) with λ(ti) = ti for 1 ≤ i ≤ 4. Since
k(ζ)〈λ〉(t1, t2, t3, t4) is k-rational, we are done.
Case 5.2. char k 6= 2.
Define v1 = u2 − u4, v2 = u1 − u3, v3 = u1 + u3, v4 = u2 + u4.
We find that
τ 2 : ζ 7→ ζ, v1 7→ −v1, v2 7→ −v2, v3 7→ v3, v4 7→ v4,
λ : ζ 7→ ζ2, v1 7→ v2 7→ −v1, v3 7→ v4 7→ v3.
Apply Part (1) of Theorem 2.1. We find k(ζ)(vi : 1 ≤ i ≤ 4) = k(ζ)(v1, v2)(t1, t2)
with τ 2(t1) = λ(t1) = t1, τ
2(t2) = λ(t2) = t2.
Now we have k(ζ)(v1, v2)
〈τ2〉 = k(ζ)(w1, w2) where w1 = v1/v2, w2 = v1v2.
Note that λ(w1) = −1/w1, λ(w2) = −w2. Apply Part (1) of Theorem 2.1. We may
write k(ζ)(w1, w2)
〈λ〉 = k(ζ)(w1)
〈λ〉(t3) with λ(t3) = t3.
Note that k(ζ)(w1)
〈λ2〉 = k(ζ + ζ−1)(w1). Note also that k(ζ + ζ
−1) = k(
√
5) with
λ(
√
5) = −√5.
It follows that k(ζ)(w1)
〈λ〉 = k(
√
5)(w1)
〈λ〉 = k(u, v) where u =
√
5(w1 + (1/w1)),
v = w1 − (1/w1) with u2 − 5v2 = 20.
Define x and y by u = 5 + x, v = 1 + y. We get k(u, v) = k(x, y) with a relation
x2 − y2 + 10x − 10y = 0. Diving the relation by x2, we get 1 − (y/x)2 − 10/x −
10(y/x)(1/x) = 0. Hence 1/x ∈ k(y/x). Thus x, y ∈ k(y/x). We conclude that
k(u, v) = k(x, y) = k(y/x) is k-rational. 
Theorem 3.5 Let k be any field, G be any subgroup of Sn where n ≤ 5. Then k(G)
is k-rational.
Proof. Without loss of generality, we may assume n ≤ |G|.
Let G acts on the rational function field k(x1, x2, · · · , xn) by σ · xi = xσ(i) for any
σ ∈ G, any 1 ≤ i ≤ n. Recall that k(G) = k(x(g) : g ∈ G)G where h · x(g) = x(hg)
for all h, g ∈ G. We may imbed the G-space ⊕1≤i≤nk · xi into ⊕g∈Gk · x(g). Apply
Theorem 3.3, Theorem 3.4, and Part (1) of Theorem 2.1.

§4. Transitive subgroups of S7 and S11
Theorem 4.1 Let G = G1 × G2 be a finite group, K be a field on which G acts
such that (i) [K : k] <∞ where k = KG, and (ii) the kernel of the induced morphism
G→ Gal(K/k) is G1. Let K(x(g) : g ∈ G) be the rational function field with G-actions
such that G acts on K as before and h · x(g) = x(hg) for any h, g ∈ G. If k(G1) is
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k-rational, then K(x(g) : g ∈ G)G is also k-rational. Conversely, if K(x(g) : g ∈ G)G
is k-rational, then k(G1) is stably k-rational.
Proof. By assumptions, G2 acts on K faithfully. Apply Part (1) of Theorem 2.1 to
the subfield K(x(h) : h ∈ G2). There is a matrix T ∈ GLm(K) where m = |G1| and
define u1, . . . , um by 

u1
u2
...
um

 = T ·


x(h1)
x(h2)
...
x(hm)


where G2 = {h1, h2, . . . , hm}. We obtain h(ui) = ui for all h ∈ G2, for any 1 ≤ i ≤ m.
For any λ ∈ G1, define u(λ)i = λ(ui) for 1 ≤ i ≤ m, λ ∈ G1. It is easy to verify that
h(u
(λ)
i ) = u
(λ)
i for any h ∈ G2, any λ ∈ G1, any 1 ≤ i ≤ m; moreover,
∑
1≤i≤mK ·u(λ)i =∑
1≤i≤mK · x(λhi). Hence K(x(g) : g ∈ G) = K(u(λ)i : λ ∈ G1, 1 ≤ i ≤ m).
We find that K(x(g) : g ∈ G)G2 = K(u(λ)i : λ ∈ G1, 1 ≤ i ≤ m)G2 = k(u(λ)i : λ ∈
G1, 1 ≤ i ≤ m). The action of G1 is given by τ · u(λ)i = u(τλ)i for all τ, λ ∈ G1, all
1 ≤ i ≤ m.
Apply Part (1) of Theorem 2.1 to k(u
(λ)
i : λ ∈ G1, 1 ≤ i ≤ m) with L = k(u(λ)1 :
λ ∈ G1). We find t1, t2, . . . , tm(n−1) (where n = |G1|) such that k(u(λ)i : λ ∈ G1, 1 ≤ i ≤
m) = k(u
(λ)
1 : λ ∈ G1)(t1, t2, . . . , tm(n−1)) satisfying that τ(tj) = tj for any τ ∈ G1, any
1 ≤ j ≤ m(n− 1).
If k(G1) is k-rational, then k(u
(λ)
i : λ ∈ G1, 1 ≤ i ≤ m)G1 = k(u(λ)1 : λ ∈
G1)
G1(t1, t2, . . . , tm(n−1)) = k(G1)(t1, t2, . . . , tm(n−1)) is k-rational.
On the other hand, if K(x(g) : g ∈ G)G is k-rational, then k(u(λ)i : λ ∈ G1, 1 ≤ i ≤
m)G1 = k(G1)(t1, t2, . . . , tm(n−1)) is k-rational. Then k(G1) is stably k-rational. 
Theorem 4.2 Let n = de with gcd{d, e} = 1. Let σ be an automorphism of the
rational function field K(xi : 0 ≤ i ≤ n− 1) defined by
σ : x0 7→ x1 7→ · · · 7→ xn−1 7→ x0
such that σ(K) = K and [K : k] = d where k = K〈σ〉. Then K(xi : 0 ≤ i ≤ n − 1)〈σ〉
is k-rational if and only if k(Ce) is k-rational.
Proof. Apply Theorem 4.1. We find that 〈σ〉 = 〈σd〉 × 〈σe〉 and σd acts trivially
on K. Note that k(Ce) is k-rational if and only if k(Ce) is stably k-rational by [Le, p.
319, Remark 5.7]. 
Theorem 4.3 Let k be any field, G42 = 〈σ, τ〉 be the group in Definition 3.1 acting on
the rational function field k(xi : 0 ≤ i ≤ 6) via k-automorphisms defined by σ : xi 7→
xi+1, τ : xi 7→ x3i for 0 ≤ i ≤ 6. Then k(xi : 0 ≤ i ≤ 6)G42 is k-rational.
11
Proof. Because of Theorem 3.2, it remains to consider the case char k 6= 7.
Write G = G42, ζ = ζ7 where ζ7 is a primitive 7th-root of unity. Define pi =
Gal(k(ζ)/k) = 〈λ〉. Then pi ≃ C6, C3, C2 or {1}.
Case 1. pi = {1}, i.e. ζ ∈ k.
For 0 ≤ i ≤ 6, define
(4.1) yi =
∑
0≤j≤6
ζ−ijxj .
Then σ(yi) = ζ
iyi, τ(yi) = y5i for 0 ≤ i ≤ 6.
It follows that k(xi : 0 ≤ i ≤ 6)〈σ〉 = k(yi : 0 ≤ i ≤ 6)〈σ〉 = k(zi : 0 ≤ i ≤ 6) where
z0 = y0, z1 = y
7
1, zi = yi/y
i
1 for 2 ≤ i ≤ 6.
Note that
τ :z0 7→ z0, z1 7→ z51z75 , z2 7→ z3/(z1z25), z3 7→ 1/(z21z35), z4 7→ z6/(z21z45),
z5 7→ z4/(z31z55), z6 7→ z2/(z41z65).
Define u1 = z3/z4, u2 = z5/z6, u3 = z1z4z5/z2, u4 = z1z4z6/z3, u5 = z1z2z6, u6 =
z2z3/z5.
It follows that k(zi : 1 ≤ i ≤ 6) = k(ui : 1 ≤ i ≤ 6) and
τ : u1 7→ u2 7→ u3 7→ u4 7→ u5 7→ u6 7→ u1.
By Theorem 2.8, k(ui : 1 ≤ i ≤ 6)〈τ〉 is k-rational. Hence the result.
Case 2. pi ≃ C6. We may assume that pi = 〈λ〉 write λ(ζ) = ζ3.
Extend the action of G on k(xi : 0 ≤ i ≤ 6) to the action of 〈G, λ〉 on k(ζ)(xi : 0 ≤
i ≤ 6) as in the proof Case 4.2 of Theorem 3.4. Define yi by the same formula as (4.1).
We get
σ : ζ 7→ ζ, yi 7→ ζ iyi,
τ : ζ 7→ ζ, yi 7→ y5i,
λ : ζ 7→ ζ3, yi 7→ y3i.
Note that τλ(yi) = yi for 0 ≤ i ≤ 6.
The proof is almost the same as that in Case 4.2 of Theorem 3.4. Define zi, uj by
the same way as in Case 1. It follows that k(ζ)(xi : 0 ≤ i ≤ 6)〈σ,τ,λ〉 = k(ζ)(zi : 0 ≤ i ≤
6)〈τ,λ〉 = k(ζ)(ui : 1 ≤ i ≤ 6)〈τλ,τ〉(z0) = k(ui : 1 ≤ i ≤ 6)〈τ〉(z0).
Since k(ui : 1 ≤ i ≤ 6)〈τ〉 is k-rational by Theorem 2.8, it follows that k(xi : 0 ≤
i ≤ 6)〈σ,τ〉 = k(ζ)(xi : 0 ≤ i ≤ 6)〈σ,τ,λ〉 is k-rational.
Case 3. pi ≃ C3 or C2.
The proof is almost the same and is omitted. 
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Theorem 4.4 Let k be any field, D7 be the group G14 in Definition 3.1. Let D7 =
〈σ, τ 3〉 act on the rational function field k(xi : 0 ≤ i ≤ 6) by σ : xi 7→ xi+1, τ 3 : xi 7→ x−i
for 0 ≤ i ≤ 6. Then k(xi : 0 ≤ i ≤ 6)D7 is k-rational.
Proof. The proof is similar to that of Theorem 4.3. Compare the proof of Case 5
in Theorem 3.4.
Again we will consider the case char k 6= 7 only.
Write G = D7 = 〈σ, τ 3〉 and ζ = ζ7, pi = Gal(k(ζ)/k) = 〈λ〉.
Define uj by the same way as in the proof of Theorem 4.3. It remains to show that
k(ζ)(ui : 1 ≤ i ≤ 6)〈τ3,λ〉 is k-rational.
Case 1. pi = {1}, i.e. ζ ∈ k and λ = 1.
We find that
τ 3 : u1 ↔ u4, u2 ↔ u5, u3 ↔ u6.
Apply Part (1) of Theorem 2.1. We find that k(ui : 1 ≤ i ≤ 6)〈τ3〉 = k(u1, u4)〈τ3〉(t1, t2, t3, t4)
with τ 3(ti) = ti for 1 ≤ i ≤ 4. Since k(u1, u4)〈τ3〉 = k(u1 + u4, u1u4) is k-rational, we
are done.
Case 2. pi ≃ C3, i.e. we may assume that λ(ζ) = ζ2.
We find that
τ 3 : ζ 7→ ζ, u1 ↔ u4, u2 ↔ u5, u3 ↔ u6,
λ : ζ 7→ ζ2, u1 7→ u5 7→ u3 7→ u1, u2 7→ u6 7→ u4 7→ u2.
Note that 〈τ 3λ〉 = 〈τ 3, λ〉 and
τ 3λ : ζ 7→ ζ2, u1 7→ u2 7→ u3 7→ u4 7→ u5 7→ u6 7→ u1.
Apply Theorem 4.2 and Theorem 2.8. We find that k(ζ)(ui : 1 ≤ i ≤ 6)〈τ3λ〉 is
k-rational.
Case 3. pi ≃ C2, i.e. λ(ζ) = ζ−1.
We find that
τ 3 : ζ 7→ ζ, u1 ↔ u4, u2 ↔ u5, u3 ↔ u6,
λ : ζ 7→ ζ−1, u1 ↔ u4, u2 ↔ u5, u3 ↔ u6.
Consider k(ζ)(ui : 1 ≤ i ≤ 6)〈τ3,λ〉 = {k(ζ)(ui : 1 ≤ i ≤ 6)〈τ3λ〉}〈τ3〉. Done.
Case 4. pi ≃ C6, i.e. λ(ζ) = ζ3.
We find that
τ 3 : ζ 7→ ζ, u1 ↔ u4, u2 ↔ u5, u3 ↔ u6,
λ : ζ 7→ ζ3, u1 7→ u6 7→ u5 7→ u4 7→ u3 7→ u2 7→ u1.
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Note that τ 3λ3(ζ) = ζ−1 and τ 3λ3(ui) = ui for 1 ≤ i ≤ 6. We have
k(ζ)(ui : 1 ≤ i ≤ 6)〈τ3,λ〉 = k(ζ)(ui : 1 ≤ i ≤ 6)〈τ3λ3,λ〉
= {k(ζ)(ui : 1 ≤ i ≤ 6)〈τ3λ3〉}〈λ〉 = k(η)(ui : 1 ≤ i ≤ 6)〈λ〉
where η = ζ + ζ−1. Apply Theorem 4.2 and Theorem 2.8. 
Theorem 4.5 Let k be any field, G21 be the group in Definition 3.1. Let G21 = 〈σ, τ 2〉
act on the rational function field k(xi : 0 ≤ i ≤ 6) by σ : xi 7→ xi+1, τ 2 : xi 7→ x2i for
0 ≤ i ≤ 6. Then k(xi : 0 ≤ i ≤ 6)G21 is k-rational.
Proof. The proof is similar to those of Theorem 4.3 and Theorem 4.4.
We may assume that char k 6= 7. WriteG = G21 = 〈σ, τ 2〉, ζ = ζ7, pi = Gal(k(ζ)/k) =
〈λ〉. It remains to show that k(ζ)(ui : 1 ≤ i ≤ 6)〈τ2,λ〉 is k-rational where τ 2 : u1 7→
u3 7→ u5 7→ u1, u2 7→ u4 7→ u6 7→ u2.
Case 1. pi ≃ {1} or C3.
This is similar to Case 1 and Case 3 of Theorem 4.4. The proof is omitted.
Case 2. pi ≃ C2, i.e. we may assume that λ(ζ) = ζ−1.
We find that
τ 2 : ζ 7→ ζ, u1 7→ u3 7→ u5 7→ u1, u2 7→ u4 7→ u6 7→ u2,
λ : ζ 7→ ζ−1, u1 ↔ u4, u2 ↔ u5, u3 ↔ u6.
Since 〈τ 2λ〉 = 〈τ 2, λ〉 and
τ 2λ : ζ 7→ ζ−1, u1 7→ u6 7→ u5 7→ u4 7→ u3 7→ u2 7→ u1,
we may apply Theorem 4.2 and Theorem 2.8. Done.
Case 3. pi ≃ C6, i.e. λ(ζ) = ζ3.
We find that
τ 2 : ζ 7→ ζ, u1 7→ u3 7→ u5 7→ u1, u2 7→ u4 7→ u6 7→ u2,
λ : ζ 7→ ζ3, u1 7→ u6 7→ u5 7→ u4 7→ u3 7→ u2 7→ u1.
Thus k(ζ)(ui : 1 ≤ i ≤ 6)〈τ2,λ〉 = {k(ζ)(ui : 1 ≤ i ≤ 6)〈τ2λ2〉}〈λ〉
= {k(ζ)〈λ2〉(ui : 1 ≤ i ≤ 6)}〈λ〉. Apply Theorem 4.2 and Theorem 2.8. 
Definition 4.6 Note that PSL2(F7) ≃ GL3(F2) is the unique simple group of order
168. Moreover, GL3(F2) ≃ PGL3(F2) is the automorphism group of the projective
plane over F2, which consists of 7 points. Thus PSL2(F7) may be presented as a
permutation group of degree 7. Define G168 = 〈σ, τ〉 ⊂ S7 by σ = (1, 2, 3, 4, 5, 6, 7) and
τ = (2, 3)(4, 7). It is not difficult to show that PSL2(F7) ≃ G168.
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Theorem 4.7 Let k be any field such that char k = 0 and
√−7 ∈ k. Let G168 = 〈σ, τ〉
be the group in Definition 4.6, which acts on the rational function field k(xi : 1 ≤ i ≤ 7)
by σ : x1 7→ x2 7→ x3 7→ x4 7→ x5 7→ x6 7→ x7 7→ x1, τ : x2 ↔ x3, x4 ↔ x7, x1 7→
x1, x5 7→ x5, x6 7→ x6. Then k(xi : 1 ≤ i ≤ 7)〈σ,τ〉 is k-rational.
Proof. Write G = G168.
We will apply similar techniques as in the proof of Theorem 3.2 to solve the rational
problem of the present situation.
Define x0 =
∑
1≤i≤7 xi, yi = xi − (x0/7) for 1 ≤ i ≤ 7. Then k(xi : 1 ≤ i ≤
7)〈σ,τ〉 = k(yi : 1 ≤ i ≤ 7)〈σ,τ〉(x0) with
∑
1≤i≤7 yi = 0. Note that σ and τ act linearly
on
∑
1≤i≤7 k · yi =
⊕
1≤i≤6 k · yi. Apply Theorem 2.2. We get k(yi : 1 ≤ i ≤ 6)〈σ,τ〉 =
k(yi/y6 : 1 ≤ i ≤ 5)〈σ,τ〉(t) with σ(t) = τ(t) = t. In conclusion, k(xi : 1 ≤ i ≤ 7)〈σ,τ〉 =
k(yi/y6 : 1 ≤ i ≤ 5)〈σ,τ〉(t, x0) with σ(t) = τ(t) = t, σ(x0) = τ(x0) = x0.
Since
√−7 ∈ k, choose the faithful representation G → GL(V ) with dimk V = 3
in Theorem 2.7. Let z1, z2, z3 be a basis of V
∗, the dual space of V . Then k(V ) =
k(z1, z2, z3). Thus G acts faithfully on k(z1/z3, z2/z3) because G is a simple group.
Apply Part (2) of theorem 2.1 to k(yi/y6 : 1 ≤ i ≤ 5)(z1/z3, z2/z3). We have that
k(yi/y6 : 1 ≤ i ≤ 5)(z1/z3, z2/z3)G = k(yi/y6 : 1 ≤ i ≤ 5)G(s1, s2) with σ(si) = τ(si) =
si for 1 ≤ i ≤ 2. Thus k(yi/y6 : 1 ≤ i ≤ 5)G(s1, s2) ≃ k(yi/y6 : 1 ≤ i ≤ 5)G(t, x0) =
k(xi : 1 ≤ i ≤ 7)G.
On the other hand, apply Part (2) of Theorem 2.1 to k(yi/y6 : 1 ≤ i ≤ 5)(z1/z3, z2/z3)G
with L = k(z1/z3, z2/z3). We get k(yi/y6 : 1 ≤ i ≤ 5)(z1/z3, z2/z3)G = k(z1/z3, z2/z3)G(vj :
1 ≤ j ≤ 5) with σ(vj) = τ(vj) = vj for 1 ≤ j ≤ 5.
By Theorem 2.2, k(V )G = k(z1, z2, z3)
G = k(z1/z3, z2/z3)
G(w) for some w with
σ(w) = τ(w) = w.
Hence k(xi : 1 ≤ i ≤ 7)G ≃ k(yi/y6 : 1 ≤ i ≤ 5)(z1/z3, z2/z3)G ≃ k(z1/z3, z2/z3)G(vj :
1 ≤ j ≤ 5) ≃ k(z1/z3, z2/z3)G(w)(vj : 2 ≤ j ≤ 5) = k(V )G(vj : 2 ≤ j ≤ 5). Since
k(V )G is k-rational by Theorem 2.7, we find that k(xi : 1 ≤ i ≤ 7)G is k-rational. 
Proof of Theorem 1.4 —————
The transitive subgroups of S7, up to conjugation, are
C7, D7, G21, G42, G168, A7 and S7
where G168 is the group in Definition 4.6, and G42, G21 are the group Gpd in Definition
3.1 with p = 7 [DM, p. 60].
If G = C7, the rationality of k(xi : 1 ≤ i ≤ 7)G follows from Theorem 2.8. If
G = D7, G21, G42, the rationality problem follows from Theorem 4.3, Theorem 4.4 and
Theorem 4.5. When G = S7, the rationality problem is easy.
When G = G168 and Q(
√−7) ⊆ k, the rationality problem follows form Theorem
4.7. 
Proof of Theorem 1.5 —————
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The transitive solvable subgroups of S11 are conjugate to subgroups of G11·10 =
〈σ, τ〉 be the group Gp(p−1) in Definition 3.1 with p = 11 [Co, p.117, Proposition 11.6;
DM, p.91, Exercise 3.5.1]..
Let G11·10 act on the rational function field k(xi : 0 ≤ i ≤ 10) by σ : xi 7→ xi+1, τ :
xi 7→ x2i for 0 ≤ i ≤ 10. For any divisor d of 10, write 10 = de. Define G = 〈σ, τ e〉.
We will prove that the fixed field k(xi : 0 ≤ i ≤ 10)G is k-rational.
The case char k = 11 follows from Theorem 3.2.
From now on, we may assume that char k 6= 11. Write ζ = ζ11 where ζ11 is a
primitive 11th root of unity. Define pi = Gal(k(ζ)/k) = 〈λ〉. Then pi ≃ {1}, C2, C5 or
C10.
The proof is similar to those of Theorem 4.4, Theorem 4.5. We will indicate only
the key ideas here.
For 0 ≤ i ≤ 10, define
yi =
∑
0≤i≤10
ζ−ijxi.
It follows that σ(yi) = ζ
iyi, τ(yi) = y6i, τ
e(yi) = y6ei.
We get k(xi : 0 ≤ i ≤ 10)G = {k(ζ)(xi : 0 ≤ i ≤ 10)}〈σ,τe,λ〉 = {k(ζ)(yi : 0 ≤
i ≤ 10)}〈σ,τe,λ〉 = {k(ζ)(zi : 0 ≤ i ≤ 10)}〈τe,λ〉 where z0 = y0, z1 = y111 , zi = yi/yi1 for
2 ≤ i ≤ 10.
It is not difficult to verify that
τ :z0 7→ z0, z1 7→ z61z116 , z2 7→ 1/(z1z26), z3 7→ z7/(z1z36), z4 7→ z2/(z21z46),
z5 7→ z8/(z21z56), z6 7→ z3/(z31z66), z7 7→ z9/(z31z76), z8 7→ z4/(z41z86),
z9 7→ z10/(z41z96), z10 7→ z5/(z51z106 ).
Define u1 = z2/z3, ui = τ
i−1(u1) for 2 ≤ i ≤ 10. Explicitly, the exponents of uj in
terms of zi (where 1 ≤ i, j ≤ 10) is represented as the following matrix
A =


0 0 0 0 1 1 1 1 1 0
1 0 0 0 0 0 0 −1 0 1
−1 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 1 1
0 0 0 0 −1 0 1 1 0 0
0 1 1 0 0 0 0 0 0 −1
0 −1 0 1 1 0 0 0 0 0
0 0 0 0 0 −1 0 1 1 0
0 0 −1 0 1 1 0 0 0 0
0 0 0 −1 0 1 1 0 0 0


.
For example, the first column of A denotes u1 = z2/z3.
Since detA = 1, we find that k(zi : 1 ≤ i ≤ 10) = k(ui : 1 ≤ i ≤ 10). The action of
τ is given by
(4.2) τ : u1 7→ u2 7→ · · · 7→ u10 7→ u1.
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Case 1. pi ≃ C10. We may assume that λ(ζ) = ζ2.
It follows that
λ : ζ 7→ ζ2, yi 7→ y2i.
Thus τλ(yi) = yi for 0 ≤ i ≤ 10. Hence we find that
λ : ζ 7→ ζ2, u1 7→ u10 7→ u9 7→ u8 7→ · · · 7→ u2 7→ u1.
Now we have k(ζ)(ui : 1 ≤ i ≤ 10)〈τe,λ〉 = k(ζ)(ui : 1 ≤ i ≤ 10)〈τeλe,λ〉 =
{k(ζ)〈λe〉(ui : 1 ≤ i ≤ 10)}〈λ〉. Apply Theorem 4.2 and Theorem 2.8.
Case 2. pi ≃ C5, i.e. We may assume that λ(ζ) = ζ4. It follows that λ(yi) = y4i.
We will consider k(ζ)(ui : 1 ≤ i ≤ 10)〈τe,λ〉.
Case 2.1. e = 1.
We find that k(ζ)(ui : 1 ≤ i ≤ 10)〈τ,λ〉 = {k(ζ)(ui : 1 ≤ i ≤ 10)〈τ2λ〉}〈τ〉 = k(ui : 1 ≤
i ≤ 10)}〈τ〉 is k-rational by Theorem 2.8.
Case 2.2. e = 5, 2, 10.
Consider the case e = 5 first.
Since (τ 5)2 = 1 and [k(ζ) : k] = 5, we find that 〈τ 5λ〉 = 〈τ 5, λ〉. We may apply
Theorem 4.2 and Theorem 2.8.
The remaining situations are similar.
Case 3. The proof when pi ≃ C2 is similar to the case when pi ≃ C5. Thus the proof
is omitted.
Case 4. pi ≃ {1}, i.e. ζ ∈ k. We may apply Theorem 2.8 directly (with the aid of
Theorem 2.1 when necessary). 
Remark. The above theorem may be generalized to the case of other prime numbers
p, provided that we can change the variables {zi : 1 ≤ i ≤ p− 1} to the variables {ui :
1 ≤ i ≤ p−1} such that the formula (4.2) is valid, i.e. τ : u1 7→ u2 7→ · · · 7→ up−1 7→ u1.
This is the case for prime numbers p ≤ 41 by Samson Breuer [Br].
However, this condition is not met for all prime numbers. For example, if p = 47
and the above condition is satisfied, then Q(xi : 0 ≤ i ≤ 46)〈σ〉 is Q-rational, which is
impossible because of Swan’s counter-example [Le; Sw].
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